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2barrier with height V
0





0 x <  d=2 (region I);
V
0
 d=2  x  d=2 (region II);
0 x > d=2 (region III):
(1)
The initial Gaussian wave packet with variance x
2
,




















is injected into the potential barrier, where hxi, and hpi are an expectation value of position and momentum respec-
tively. We use the natural unit m = h = 1, and perform numerical simulations of 100,000 sample paths. For the
numerical simulation, we take [ 1000; 1000] as the total space for the unit of 1=k
0
, and adopt these parameters as
follows, hxi =  500=k
0
, and hpi = k
0
.
II. ESTIMATION OF THE TUNNELING TIME BASED ON THE NELSON'S QUANTUM MECHANICS
In this section, we give a brief review of the Nelson's approach of quantum mechanics [26] which plays a central role
in this paper, and explain how to estimate the tunneling time. Nelson's quantum mechanics based on the real-time
stochastic process, enables us to describe the quantum mechanics of a single particle in terminology of the \analog"
of classical mechanics, i.e. the ensemble of sample paths. These sample paths are generated by the Ito type Langevin
equation,
dx(t) = [u(x(t); t) + v(x(t); t)]dt+ dw(t); (3)
where x(t) is a stochastic variable corresponding to the coordinate of the particle, and u(x(t); t) and v(x(t); t) are
the osmotic velocity and the current velocity, respectively. The dw(t) is the Gaussian white noise with the statistical
properties of




where h  i means the ensemble average with respect to the noise. In principle, the osmotic and the current velocities
are given by solving coupled two equation, i.e. the kinetic equation and the \Nelson{Newton equation". Nelson
showed that, for the expectation value of the dynamical variable, e.g., x; p, the whole ensemble of sample paths gives
us the same results as quantum mechanics in the ordinary approach [26]. Once the equivalence of Nelson's framework











ln (x; t); (5)
where  is the solution of Schrodinger equation. Since an individual sample path has its own history, we obtain
information on the time parameter, e.g. tunneling time denitely.
Now using the Nelson's quantum mechanics, we estimate the tunneling time of a particle crossing over a potential
barrier. First, we prepare an incident wave packet given by Eq.(2) from the region I. Next, we solve the time-dependent
Schrodinger equation. Last, using the relation Eq.(5), we obtain the drift term of the Langevin equation (3), and
calculate sample paths. Suppose a simulation of tunneling phenomena based on Eq.(3), starting for t =  1 and
ending t = 1. As we treat a wave packet satisfying the time-dependent Schrodinger equation, the wave packet is
located region I initially and turns nally into two spatially separated wave packets which are regions I and III,
respectively. Figure 1 shows a typical transmitted sample path calculated by Eq.(3). Transmitted sample paths
originate preferentially from the front of the initial wave packet as suggested by Imafuku et al.[27]. Every transmitted










(t))dt; (i = 1; 2;    ; N ); (6)
where x
i
(t) is the i-th sample path, t
f
is the nal time, the function (x) is unity for  d=2  x  d=2 and zero
otherwise. Collecting these events, we can construct a statistical distribution of tunneling time.
3III. TUNNELING TIME DISTRIBUTION AND WAVE-PARTICLE DUALITY
From the ensemble of sample paths, we dene a distribution of tunneling time as follows,




Æn( ) is the number of sample paths with the tunneling time from  to  + Æ , and N is the total number of sample
paths.
Figures 3 and 4 show the average of tunneling time h i and its deviation  versus potential barrier width for
various width of wave packet x. We can see that in the case of x greater than 20=k
0
, behaviors of average
and deviation are independent on x. However, in the case of x = 10=k
0
, the data deviate remarkably from the
others in the region d  10=k
0
. It is suggested that this eect originates from the wave packet spreading during the













then the wave packet spreads
twofold at t = 2m(x)
2













It seems that the numerical results of h i are roughly similar to the WKB time 
WKB








, expect for the case of x = 10=k
0
. However, let us examine much in detail those values in the
thin region (d  4=k
0
). Figure 5 is an enlarged copy of this part in Fig.3. It has been shown that, in the opaque
case, the numerical simulation gives almost same values of the WKB times [27, 28]. While we can see these features
of opaque case in Figs. 3 and 5, the numerical values deviate from the WKB time in the translucent case which is
characterised by small d which is approximately less than 2. The WKB approximation is not proper in the latter
case. This suggests the tunneling phenomena make a \phase transition" in a sense around d  2.
Next we show in Fig.6 the deviation  as a function of the average h i, which are calculated by changing the
width d with xed potential height V
0
for several cases of incident energy E
0
. For each case we can see a common
feature characterized by the fact that  is proportional to h i for d  2 and to
p
h i for d  2. In order to check
this feature quantitatively, we t the tunneling time distribution using the Gamma distribution,









(; ;  > 0): (8)
This distribution has the following statistical properties,





If  is constant, the relation  / h i holds good, and this is a typical feature of such coherent phenomena as
deviation versus average value of photon number in coherent photon state. On the other hand, if  is constant, the
relation  /
p
h i holds good, and this is a typical feature of such random phenomena as Poisson process and
Brownian motion. Figure 7 is an example of tting distribution.
Figures 8 and 9 show the tting parameters  and 
2
 as a function of d, respectively. We see the d dependence
of tting parameters is universal even for dierent potential heights. Note that  is kept a constant value for each
case. Furthermore, we found that  is constant in the translucent region (d  2), and 
2
 is constant in the opaque
region (d  2). Therefore, this assures the  -h i relation as mentioned above.
Anybody never doubts that the tunneling time is a pure quantum process. However, the tunneling time is not an
observable in the quantum mechanics. Actually it can be closely connected to the time evolution of some specic
observable of the tunneling system and it should be measured experimentally through the time dependence of the
observable. Thus the statistical property of the tunneling time distribution should reect the characteristic features
of underlying quantum process. From the above discussion we think that the tunneling may occur coherently, or in
mode of wave picture dominantly in the translucent case and randomly, or in mode of particle picture dominantly in
the opaque case. The tunneling time distribution reveals the wave-particle duality in the tunneling phenomena.
IV. QUANTUM-CLASSICAL CORRESPONDENCE
We discuss the Planck constant dependence of tunneling time distribution. First, we introduce the parameter
 (0 <   1) and the \Planck constant"
~























 (x; t); (10)






). This wave function describes a virtual quantum system
with scaled Planck constant
~

















by a scale transformation as following:
X  x=; T  t=; W (X)  V (X); and (X;T ) 
~
 (X; T ): (12)






=2m; and d. We scale
the space-time variables as X = x=; T = t= and the potential width as D = d=. In this X   T reference frame de








k = k and ~! = !. Then we perform the numerical
simulation based on Eq.(11) and obtain the distribution of  in the X   T reference frame. Eventually we obtain the
distribution of ~; the tunneling time corresponding to a Planck constant
~
h, by the scaling of ~ =  .
Now we will examine how the average h~ i = h i and the deviation ~ =  depend on h. First we have to start
the simulation at a translucent case with  = 1, where the tunneling process proceeds in the wave mode. Then, we
decrease the value of  gradually, the eective width of tunneling barrier becomes wider and the tunneling process
should proceed in the particle mode, or in other words, quasi-classically. This procedure gives us the -dependence of
h~ i shown in Fig.10. We can see that h~ i increases with a tendency to approach the WKB time as  is decreased in
the region near  = 1, whereas it is almost independent on  in the region with smaller . These tendencies may be












in the latter case. Thus, the tunneling time corresponding to
~










d. Actually note that the
WKB time can be expressed only by classical quantities. On the other hand, in the translucent case, the simulated
values are smaller than the WKB time and approach gradually it as the eective width of tunneling barrier becomes
wider, that is,  is decreased. Moreover, these two tendencies cross each other at   1=2 which suggests the tunneling
phenomena changes its phase around hd  2
~
h.
Next, let us consider the -dependence of ~ . In this simulation, we may guess that in the region near  = 1 (wave
mode and  / h i) the deviation should be proportional to the average,
~ / h~ i; (14)
whereas in the region with smaller  (particle mode and  /
p






Moreover, the change from the former tendency to the latter one may occur around hd  2
~
h.
We can see these tendencies in Fig.11, which give another support of the idea of \wave-particle duality" in the
tunneling phenomena.
V. SUMMARY
We calculate the tunneling time distribution by means of Nelson's quantum mechanics. From the resulting distri-
bution, we derived the statistical properties of it, the average and deviation of tunneling time. First, we found that
if an incident wave packet is so large as to look like plane-wave like, the x dependence of them is negligible. Next,
tting the data by Gamma distribution, we found that the shape of distribution is universally determined only by
d. Furthermore, by investigating the statistical properties of the distribution in two characteristic \translucent" and
\opaque" regions roughly divided by d  2, we found that the \wave-particle duality" may be seen in the tunneling
phenomena. Last, we consider the Planck constant dependence of tunneling time, introducing the parameter  as
~
h = h. Consequently, we found that the dependences of the average and the deviation is suggest another support of
the idea of \wave-particle duality" in tunneling phenomena.
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FIG. 5: An enlarged copy of thin barrier region (d  4=k
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FIG. 6: Relationship between average and deviation of tunneling time with the width of wave packet x = 50=k
0
. Dotted line
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FIG. 9: Fitting parameter  multiplied by 
2
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